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ABSTRACT

The aim of this present paper is to obtain a common fixed point for an infinite sequence of mappings on Hilbert
space. Our purpose here is to generalize the our previous result [7]
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1. INTRODUCTION

In 2011, Sharma Badshah and Gupta [7] have proved common fixed point theorem for the sequence {T }n: of

mappings satisfying the condition

Ix—T; x||2 +Hy—TJ- yH2

[Tix-Tyy| < +flx-y (A)

||x—Tix|| +Hy—ijH
forallx,yeS and x#y; >0, #>0and 2a+ f <1.
In 2005, Badshah and Meena [1] have proved common fixed point theorem for the sequence {Tn}:l of

mappings satisfying the condition

[x=Tixl-|y =T, V|
1=y
forall x,yeS with x>y also a=0,=0and a+ 2 <1.

rox-Tyy =

+Blx—vl (B)

In 1991, Koparde and Waghmode [3] have proved common fixed point theorem for the sequence {Tn }r:l of

mappings satisfying the condition

[Tl =a =T +y -] ) (©)
forallx,yeSand x=y;0<a<?

Later in 1998, Pandhare and Waghmode [5] have proved common fixed point theorem for the sequence {Tn }njl

of mappings satisfying the condition



58 Arvind Kumar Sharma, V. H. Badshah & V. K. Gupta

[Tx=T;y|f <afx—Tix? +b(||x—Tix||2 +y-Tiy[* ) (D)

forallx,yeSand x=y;0<a,0<b<landa+2b<1.

This result is generalizes by Veerapandi and Kumar [7] and the new condition is
2 2 2 2 C 2 2
||Tix—Tj y” <alx—y|" +b| [|[x-Tx| +||y—TJ- y|| +E [[x—Tix|| +||y—ij|| (E)
forall x,yeSand x= y where 0<a,b,c<1 and a+2b+2c<1.
Now we introduce a new condition for the generalization of following known results.
Theorem 1: [7] Let S be a closed subset of a Hilbert space H and {Tn }njl :S—S be an infinite sequence of

mappings satisfy (A). Then {Tn }':1 has a unique common fixed point.

Theorem 2: [1] Let S be a closed subset of a Hilbert space H and {Tn }r:l :S— S be an infinite sequence of

mappings satisfy (B). Then {Tn }r:l has a unique common fixed point.

Theorem 3: [3] Let S be a closed subset of a Hilbert space H and {Tn }n: :S— S be a sequence of mappings

satisfy (C). Then {Tn }n: has a unique common fixed point.

Theorem 4: [5] Let S be a closed subset of a Hilbert space H and {Tn }n: :S— S be a sequence of mappings

satisfy (D). Then {Tn }r:l has a unique common fixed point.

Theorem 5: [8] Let S be a closed subset of a Hilbert space H and {Tn }n: :S— S be a sequence of mappings

satisfy (E). Then {Tn }r:l has a unique common fixed point.

Main Result

We proved fixed point theorem for the infinite sequence {Tn }r:l to generalize our previous results [7].

" :S—S be an infinite sequence of

Theorem: Let S be a closed subset of a Hilbert space H and {T }H

n

mappings satisfying the following condition

~-T
frc-Tiv] (o 5L o "

forallx,yeS and x=y; =0, >0 and 2a+ S <1.

Then {Tn }nil has a uniqgue common fixed point.
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Proof: Let S be a closed subset of a Hilbert space H and {Tn }n: :S— S be an infinite sequence of mappings.

Let X, € S be any arbitrary point in S.

Define a sequence {X,} ~

o inS by

Xy = TaX,, forn=0,12, ....

n+1

For any integer n> 1

oo =% = [TouaXe = Toxo|

"Xn _Tn+1Xn||]
<|a+pat——l iy X,
[ "Xn _Xn71" ” n-1 n*n 1”

< [mﬁw J”xn_l_xnu

”Xn B XH”
<X g =X+ Bl¥0 = Xpua
e [ =] < @|X0g =X+ Bl%0 = %o |

= (1_18) ||Xn+1 —Xq " < a"Xn - Xn—l"

= X =% < ﬁ"xn ~ X4

If k=-%— then k <1.

%12 =] < K%, =%,

R N e A e e Y EE S ]
i X1 =X | <k"[x =% forall n>1is integer.

Now for any positive integer m>n>1

o =Xl <0 =X+ X2 = X+ Xt = |

<K 3 = o + K™ 3y = o[+ et K™% = o

<k" % =X (l+k+...+km‘"‘1)

e x, —xm||s(%J||xl—xo|| 0 asn— o (k<1)
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0
Therefore {Xn }nf1 is a Cauchy sequence.
- - - 0 - -
Since S is a closed subset of a Hilbert space H, so {Xn }n_l converges to a pointu in S.

Now we will show that u is common fixed point of infinite sequence {Tn }njl of mappings from S into S.
Suppose that T,u=u forall n.

Consider for any positive integer m (£ n)

Ju =Tt < Ju =3[+ [0 =Tt

= "Xn _TmU"

= "Tn Xn-1 _Tmu"

|x L= Tox _1||

| n— n’*n _
ﬁ[a+ﬂ o] lu—Tull

ﬁ{a+ﬂjﬁi:ﬁmmm—ﬂw"

-1 =

< a||u—Tmu||+,B " nl " ||u T u||
%02 =]
ie. ||u—Tmu||s a||u—Tmu||+ﬁ |||| n-1 u||" ||u T u||
X1
= |lu=Tpul < p Paa=xl Ju-Tou| —>0asn—ow

1-a % =
S lu—T,u<o0.
Hence u=T,u andso u=T,u forall n.

Hence u is a common fixed point of infinite sequence {Tn }n: of mappings.

Uniqueness

.Suppose that there is u = v suchthat T,v =v forall n.

Consider Ju=v| = | T,u-T,yv|

Ju=Tout] ),
S(a +p o= v-T.v|

ie. ||u—v||£0
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= Ju-v]o
Thus u=yv.

Hence fixed point is unique.

Example: Let X = [0, 1], with Euclidean metric d .Then {X, d} is a Hilbert space with the norm defined by

d(xy) =[xy

- 11" ®

Let {xn}n:l = {5} be the sequence in X and let {Tn}n:1 be the infinite sequence of mappings such that
n=1

X1 = Tnu Xy forn = 0,1, 2,...

Taking x=2in and y:2n—l_1;x¢y.AIsoi =n+1 and j=n.

Then from (F) {Xn }njl is a Cauchy sequence in X, which is converges in X also it has a common point in X.

CONCLUSIONS

The theorem proved in this paper by using rational inequality is improved and stronger form of some earlier

inequality given by Badshah and Meena [1], Sharma Badshah and Gupta [7], Koparde and Waghmode [3], Pandhare and

Waghmode [5], Veerapandi and Kumar [8].
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